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Some Groups Generated by Transvections 
By 
JACK McLAVOHLIN *) 
Le t  V be a vec tor  space of  d imension  n ~ 2 over  a f ield K.  F o r  each pa i r  of sub- 
spaces P =C H of  d imension  1 and  n - -  ] respec t ive ly  the  subgroup  o f S L  (V) genera t ed  
b y  those t r ansvee t ions  z wi th  H = Ker (T  - -  1), P ---- l m ( v  - -  1) will be de no t e d  b y  
X (P,  H) .  Drawing  f rom the  language  of  Lie theory ,  JoItN THOMPSON has chr is tened 
these subgroups o/root type, and  he has  asked  which subgroups  of  SL(F)  hav ing  on ly  
1 as a no rma l  un ipo t en t  subgroup  are genera ted  b y  subgroups  of  roo t  type .  I n  this  
note  we give the  following pa r t i a l  answer.  
Theorem.  Suppose K =~ Fz, dim V ~ 2, and that G is a subgroup o/ SL (V)  which 
is generated by subgroups o[ root type. Suppose also that 1 is the only normal unipotent 
subgroup o/ G. Then [or somes > 1, V = V0 @ V1 Q "'" Q Vs ,G = G1 • " • Gs,and 
(a) The Vt are stable/or the Gj. 
(b) C;~I Vj = 1  i/ i . j. 
(c) G t I V / = S L ( V , )  or Sp(V,).  
F o r  K ~ F2 there  are m a n y  o ther  examples ,  b u t  we have  been unable  to cons t ruc t  
a def ini t ive list.  
The p r o  o f  of  the  theorem will be made  b y  examin ing  the ac t ion  of  G on the set of  
subspaees  of  V. W e  begin b y  descr ibing the  t e rmino logy  we shall  use. F o r  the  t ime  
being K is any field and  we suppose  only  t h a t  d im V ~ 2 and  G C= S L  (V) is genera ted  
b y  subgroups  of  root  type .  (We t ake  this  to  mean  G ~ 1 - -  G conta ins  subgroups  of  
roo t  type . )  This hypo thes i s  will always be in force. Others  will be exp l ic i t ly  s t a t ed  
when used. We say  P is a center  (for G) if, for some H, X(P,  H) C G; l ikewise H is 
an axis (for G). We will also say  H is an  axis for P and  P fs a center  for H.  F o r  each 
center  P, a(P) is the  intersect ion of  the  axes  for P ;  dua l l y  c(H) is the  sum of the  
centers  for H.  (~ is the  set  of  centers  for  G and  ~ is the  set  of  axes  for G. I f  U is a 
subspace  of  V, Gu is the  s tab i l izer  of  U in the  ac t ion  of  G on the  subspaces  of  V. 
F ina l ly ,  since we are  p r i m a r i l y  concerned wi th  subspaees  r a the r  t h a n  vec tors  a n d  
po in t  is easier  to say  t h a n  one-dimensional  subspace,  we shall  use the  t e rm  point 
for one-dimensional  subspace.  
L e m m a  1. I] d i m V  = 2 and I(~1 > 1 then G = SL(V) .  
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P roof .  Clear. 
Lemma 2. Let P and Q be centers with dim a(P) ~ dim a(Q) and P T= a(Q). Then 
Q ~ a(P) and i/ U ~= P ~- Q then Gu,p+QI P ~- Q contains S L ( P  ~- Q). In particular 
every point on P ~ Q is a center. 
Proo f .  I f  QCa(P), then Q and so a(Q) is fixed by all X(P,  H) C G. Since P~a(Q), 
a(Q) is on all axes of P -- a(Q) c= a(P). Then a(Q) ~ a(P) against P ~ a(Q). Thus 
G contains subgroups X(P ,  H), X(Q, K) with P ~ K, Q ~ H. I f  U =~ P + Q, each 
of these subgroups is in Gu, p+q. The second conclusion then follows froln Lemma 1. 
We can now give the first approximation to the theorem. 
Lemma 3. Suppose ~ consists o[ all points, ~ consists o[ all hyperplanes, and G is 
transitive on these two sets. Then either G = SL(V) or G ~ Sp(V). 
Proo f .  Suppose first that  each P has a unique axis ~P  and each H has a m~ique 
center OH. Then a ( P ) =  ~P, c(H)=(~H. By Lemma 2, P C S Q  if and only if 
Q c 5 P. That  is, P C H if and only if 5H C 5 P and 5 extends to a mill polarity on 
the set of subspaces of V. I f  X ( P , ~ p )  CG and a e G  then aX(P,  SP)(~-I~  
X (a P, g 5 P) C G. Hence a 5 P ~ ($ g P and G is in the group of ~. I t  is clear that  G 
contains all transvections commuting with 5 and hence G ~ Sp(V).  
Next suppose a (P) is not a hyperplane. Let H be an axis for P and choose Q c H, 
Q ~ a(P). Then by Lemma 2, we have a e Gtz with ~ P  ~-- Q. Hence every point of H 
which is not on a (P) is a ccnter for H and consequently c (H) = H. Then by duality 
a (p) ~ p for all points P. Now the above shows that  all points of H are centers for H. 
Thus G contains all transvections and G = SL(V).  
Finally if we start with the assumption that  c (H) is not a point and dualize the 
above we again get G = SL(V). 
l ~ e m a r k  1. I f  the field K is finite one can draw the same conclusion from the 
(formally) weaker hypothesis that  G is irreducible and each P in V is the center for 
SOme transvection in G. 
R e m a r k  2. A corollary of the lemma is that  Sp(V) is a maximal subgroup of 
SL(V)  (except, of course, when dim V ~ 2). 
Lemma 4. Suppose G is transitive on ~. I/ P, S are distinct members o/ ~ with 
S C a(P) there is a center Q with P ~ a(Q) and S ~ a(Q). 
P r o o f .  I f  not then for all T in the Gp-orbit of S we have P ~= a(Q) implies 
TCa(Q).  Choose X (R, K) C G. I f  p C a(R) then X (R, K) ~ Gp and X (R, K) fixes 
the Gp-orbit of S. I f  P ~ a(R) then X(R,  K) fixes each member of the Gp-orbit of S. 
Since G is generated by the X (R, K) we contradict the transitivity of G on (s 
Lemma 5. Take K ~- F2 and suppose G is transitive on ~. I / P ,  S ~ ~ then each point 
on p ~- S is in ~. 
Proo f .  Since G is transitive on (~, all a(P) have the same dimension and hence by 
Lemma 2, P ~ a(S) if and only f fS  ~ a(P) and we have nothing to prove f fS  ~ a(P). 
Suppose S :~ P, S C a(P),  and choose Q e ~ so S ~ a(Q) and S ~ a(P) (Lemma 4). 
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Set U = P + Q A- S. G contains the subgroups X ( P ,  H), X(S ,  J) ,  and X(Q; K) 
with P ~  K, Q~ H, and Q~ J .  Since P -f- S Ca(P) ,  P + S ~ a(P)  (3 U = H r3 U. 
Since X (P, H) and X (Q, K) fix U, a(P)  n U and a(Q) n U have the same dimen- 
sion and therefore a(Q) n U ~ K n U and S ~ K. We want  to determine the group 
induced on U by X ( P ,  H), X ( S ,  J) and X(Q,  K). Although the result is wellknown 
and can be easily obtained synthetically, we sketch the argument  using matrices. Set 
/2 = U (3 H r K and choose a base for U consisting of xl ,  x2, x3 fl'om R, P, Q re- 
spectively. The group induced on U by  X ( P ,  H) and X(Q,  K) will then be repre- 
sented by the group of matrices of the form 
where 
1 0 0 ) 
0 ul u2 
0 v l  v2 
Ul ~2 ) 
Vl V2 
is an arbi trary member  of SL2 (K). The group induced by X (S, J )  will be represented 
by the matrices 
0 1 tu 
0 0 1 
where au ~ 0 and t is arbi t rary  in K. Put t ing these two groups together we see tha t  
G is transit ive on the points of U other than  R so tha t  all such points are centers 
for G. We also see tha t  if  L is a complement ibr R in H r K and J ~ L then R is 
also a center for G and we are done. Thus we suppose J (~ L is a hyperplane of L, 
choose a complement, T ~- <x4>, and with respect to the base {xl, x2, xa, xa} for 
U A- T we again look at  the matrices determined by our three groups - -  now acting 
on U -~ T. As before X ( P ,  H) and X(Q,  K) will yield the group of 
1 0 O )  
D ( A ) =  0 A 0 
0 0 1 
where A is arbi t rary in SL2 (K), and from X (S, J )  we get a matr ix  
M =  o z 3  
0 0 1 
where 
(' :) ~=(Oa) ,  Z =  0 , 3 =  
and abe :v O. Set 
N(A) = D(A) D(Z -1) M D(A -1) = 0 1 
0 0 
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Then for A, B ~ SL2 (K) we have 
(1 
D ( Z - ~ ) M N ( A ) ( N ( B ) ) - I =  0 
0 





A-I  = _ B,  B - i  = - A ,  
Since ~fl _~ 0 our product  is 
Since 
2e+ A \[1 
o " ~ / \ o  o 
o r  - 1 -  B -1) c + : r  + A - 1 )  B f l \  
1 (A ~- 1 - -  B) fi ) .  
0 1 
and B = l q- A = ( 0 1~ 
l q _ A - 1 - - B - t = l + A - t q - A = O ,  A - - B = - - I .  




it suffices to choose x # c/ab and this can be done if K ~= F2. Thus R is a center and 
the proof of the lemma is complete. 
Lemma 6. Suppose G has no normal unipotent subgroups save 1 and that G is transitive 
on ~, then G is transitive on ~. 
P r o o f .  Choose a center, P,  with a(P) maximal.  By Lemma 2, G has one orbit of 
centers containing P and all centers off a(P). I f  there is another  orbit, its members 
all lie on a (P) and consequently lie on all axes. I f  Q is a member  of this orbit, Q is 
fixed by  G and 
<X(Q, K) t K an axis for Q) 
is a normal uzfipotent subgroup not 1. 
Lemma 7. Suppose K ~ 172 and G contains no normal unipotent subgroups save 1. 
Suppose further that G is transitive on ~.. Then V = C @ A where C and A are stable 
]or G; G]A = 1, and GIC -= SL(C) or Np(C). 
P r o o L  Let  C be the sum of the members of ~ and let A be the intersection of the 
members of 91. These spaces admit  G. Suppose P C A (3 C. By Lemma 5, P e @. 
But p C A implies tha t  P is fixed by G and this contradicts the assumption tha t  
G has only 1 as a normal unipotent  subgroup. Dually C q- A = V. Certainly G i A ---- 1. 
Let H1 be a hyperplane of C, so H I  -b A = H is a hyperplane of V and H (~ C = H1. 
Again by  the dual of Lemma 5, H is an axis for G. Suppose X ( P ,  H) C G; then 
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X (P,  H) I C is a subgroup  of  roo t  t y p e  in SL (C) hav ing  P as center ,  H1 as axis.  
Thus  eve ry  hype rp l ane  of  C is an axis  for G I C and  b y  the dua l  of  L e m m a  6 G I C is 
t r ans i t ive  on the  hype rp l anes  of C since G is t r ans i t ive  on C. S imi la r ly  each po in t  
of  C is a center  for G I C and  G I C is t r ans i t i ve  on these centers.  The  conclusion now 
follows f rom L e m m a  3. 
We now can give a p roo f  of  the  theorem.  F o r  th is  i t  suffices to  suppose  V indeeom- 
posable .  Choose an orb i t  of  centers,  9 such t h a t  P e ~1 impl ies  a(P) minimal .  Se t  
G1 ---- <X (P,  H) I P e ~ l ) ,  
G* : (X(Q, K) IQ~ 9 
These are normal subgroups of G and by Lemma 2 if P e ~i then G1 ~ fixes P and 
G** I P =- 1. Thus  G1 c~ G~* is a no rma l  u n i p o t e n t  subgroup  so G1 rn G~* ---- 1. Since 
G = G1 x G**, G1 has  no norma l  u n i p o t e n t  subgroups .  Also G1 is t r ans i t i ve  on i ts  
set  of  centers  - -  9 I f  C1 is the  sum of  the  centers  of  G1 and  A1 is the  in te r sec t ion  
of the  axes  of  Gx, t hen  f rom L e m m a  7 V---- C1 (~ A1. B u t  C1 and  A1 a d m i t  GI* so 
A I ~ - - 0 ,  G**----1 and  G = S L ( V )  or Sp(V). 
Added in proof: Since this paper was submitted for publication, the following paper, contain- 
ing different but related results obtained by the same basic strategy, has appeared: 
F. C. PIPER, On elations of finite projective spaces of odd order. J. London Math. Soc. 41, 
641--648 (1966). 
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